
2nd Reading

March 27, 2023 20:5 WSPC/S1793-8309 257-DMAA 2350016

Discrete Mathematics, Algorithms and Applications
(2023) 2350016 (17 pages)
c© World Scientific Publishing Company
DOI: 10.1142/S1793830923500167

The forcing geodetic global domination number of a graph

V. Selvi

Department of Mathematics, Holy Cross College (Autonomous)
Nagercoil 629 004, India

selvi.maths1983@gmail.com

V. Sujin Flower

Department of Mathematics, Holy Cross College (Autonomous)
Nagercoil 629 004, India

Affiliated to Manonmaniam Sundaranar University
Abishekapatti, Tirunelveli 627 012, India

sujinflower@gmail.com

Received 24 April 2021
Revised 5 September 2021
Accepted 3 February 2023
Published 28 March 2023

Communicated by Weili Wu

Let G be a connected graph and S be a minimum geodetic global dominating set of G. A
subset T ⊆ S is called a forcing subset for S if S is the unique minimum geodetic global
dominating set containing T . A forcing subset for S of minimum cardinality is a minimum
forcing subset of S. The forcing geodetic global domination number of S, denoted by
fγg(S), is the cardinality of a minimum forcing subset of S. The forcing geodetic global
domination number of G, denoted by fγg(G), is fγg(G) = min{fγg(S)}, where the
minimum is taken over all minimum geodetic global dominating sets S in G. The forcing
geodetic global domination number of some standard graphs are determined. Some of
its general properties are studied. It is shown that for every pair of positive integers
a and b with 0 ≤ a ≤ b and b > a + 2, there exists a connected graph G such that
fγg(G) = a and γ(G) = b. The geodetic global domination number of join of graphs is
also studied. Connected graphs of order n ≥ 2 with geodetic global domination number
2 are characterized. It is proved that, for a connected graph G with γg(G) = 2. Then
0 ≤ fγg(G) ≤ 1 and characterized connected graphs for which the lower and the upper
bounds are sharp.
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1. Introduction

Let G = (V, E) be a graph with a vertex set V (G) and edge set E(G) ⊆ V (G)×V (G)
(or simply V and E, respectively). Furthermore, we say that a graph G has order
n = |V (G)| and size m = |E(G)|. For basic graph theoretic terminology, we refer
to [5]. A vertex v is adjacent to another vertex u if and only if there exists an edge
e = uv ∈ E(G). If uv ∈ E(G), we say that u is a neighbor of v and denote by NG(v),
the set of neighbors of v. The degree of a vertex v ∈ V (G) is degG(v) = |NG(v)|.
A vertex v is said to be a universal vertex if degG(v) = n − 1. A vertex of degree
1 is called a pendent vertex or an end vertex of G. G − {e} is the graph obtained
from G by deleting an edge e from G. The maximum and minimum degree of G

are denoted by �(G) and δ(G) respectively. The subgraph induced by a set S of
vertices of a graph G is denoted by 〈S〉 with V (〈S〉) = S and E(〈S〉) = {uv ∈
E(G) : u, v ∈ S}. A set S subset of V (G) is called a clique if 〈S〉 is complete. The
clique number of G is the number of vertices in a maximum clique and is denoted
by ω(G). A vertex v is an extreme vertex of a graph G if the subgraph induced by
its neighborhood is complete. Let G1 and G2 be two graphs. Then join G1 ∨ G2

of two graphs G1 and G2 is the graph with V (G1 ∨ G2) = V (G1) ∪ V (G2) and
E(G1 ∨ G2) = E(G1) ∪ E(G2) ∪ {uv : u ∈ V (G1), v ∈ V (G2)}.

The length of a path is the number of its edges. Let u and v be vertices of a
connected graph G. A shortest u-v path is also called a u-v geodesic. The (shortest
path) distance is defined as the length of a u-v-geodesic in G and is denoted by
dG(u, v) or d(u, v). The maximum distance between two vertices of G is called
diameter of G and is denoted by d(G). Two vertices u and v of G are antipodal if
d(u, v) = diamG or d(G). A vertex x is said to lie on a u-v geodesic P if x is a vertex
of P including the vertices u and v. For two vertices u and v, the closed interval
I[u, v] consists of u and v together with all vertices lying in a u-v geodesic. If u and
v are adjacent, then I[u, v] = {u, v}. For a set S of vertices, let I[S] = ∪u,v∈SI[u, v].
Then certainly S ⊆ I[S]. A set S ⊆ V (G) is called a geodetic set of G if I[S] = V .
The geodetic number g(G) of G is the minimum order of its geodetic sets and any
geodetic set of order g(G) is a g-set of G. The geodetic number of a graph was
studied in [1, 4, 8, 13, 15, 21]. Obviously 2 ≤ g(G) ≤ n for any connected graph
G of order n. Among graphs on n vertices only complete graphs attain the upper
bound, while the family of graphs that attain the lower bound is much richer. In
[5], it is shown that g(G) = 2 if and only if there exist two vertices u and v with
d(u, v) = d(G) and every vertex of G lies on a geodesic between vertices u and v.

A set D ⊆ V (G) is a dominating set of G if for every v ∈ V (G)\D is adjacent to
some vertex in D. A dominating set D is said to be minimal if no proper subset of
D is a dominating set of G. The minimum cardinality of a minimal dominating set
of G is called the domination number of G and is denoted by γ(G). Any dominating
set of cardinality γ(G) is a γ-set of G. The domination number of a graph was
studied in [9]. A dominating clique set is a dominating set that induces a complete
subgraph. A subset D ⊆ V (G) is called a global dominating set of G if D is a
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dominating set of both G and G. A global dominating set D is said to be minimal
if no proper subset of D is a global dominating set of G. The minimum cardinality
of a minimal global dominating set of G is called the global domination number of
G and is denoted by γ(G). Any global dominating set of cardinality γ(G) of G is a
γ-set of G. The global domination number of a graph was studied in [20, 23]. A set
S ⊆ V (G) is said to be a geodetic global dominating set of G if S is both a geodetic
set and a global dominating set of G. The minimum cardinality of a geodetic global
dominating set of G is the geodetic global domination number of G and is denoted by
γg(G). A geodetic global dominating set of cardinality γg(G) is called a γg-set of G.
The geodetic global dominating number of a graph was studied in [18, 19]. Let G be
a connected graph and D be a γ-set of G. A subset T ⊆ D is called a forcing subset
for D if D is the unique γ-set containing T . A forcing subset for D of minimum
cardinality is a minimum forcing subset of D. The forcing domination number of D,
denoted by fγ(D), is the cardinality of a minimum forcing subset of D. The forcing
domination number of G denoted by fγ(G), is fγ(G) = min{fγ(D)} where the
minimum is taken over γ-sets of D in G. By the similar manner, we can define the
forcing global domination number fγ(G) and the forcing geodetic number fg(G).

For the graph G given in Fig. 1, there are four γ-sets of G namely D1 = {v1, v3},
D2 = {v2, v3}, D3 = {v4, v6} and D4 = {v3, v6} so that γ(G) = 2. Since D1 is the
only γ-set containing v1, it follows that fγ(D1) = 1. Also since D2 is the only γ-set
containing v2, it follows that fγ(D2) = 1. Also since D3 is the only γ-set containing
v4, it follows that fγ(D3) = 1. Since no singleton subsets of D4 is a forcing subset
of D4, it follows that fγ(D4) = 2. Therefore fγ(G) = 1. There are eleven γ-sets
namely M1 = {v1, v2, v3}, M2 = {v1, v4, v6}, M3 = {v2, v3, v5}, M4 = {v2, v4, v6},
M5 = {v3, v4, v6}, M6 = {v4, v5, v6}, M7 = {v1, v3, v4}, M8 = {v1, v3, v5}, M9 =
{v1, v4, v5}, M10 = {v2, v3, v4}, M11 = {v3, v5, v6}. No singleton subsets of Mi is a
forcing subset of Mi for all i (1 ≤ i ≤ 6) and so fγ(Mi) ≥ 2 for all i (1 ≤ i ≤ 6).
Since at least one two element subset of Mi (1 ≤ i ≤ 6) is not a subset of Mj

(1 ≤ j ≤ 6; i �= j), it follows that fγ(Mi) = 2 for all i (1 ≤ i ≤ 6). Also since no
singleton subsets or no two element subsets of Mi (7 ≤ i ≤ 11) is a subset of Mi

for all i (7 ≤ i ≤ 11), it follows that fγ(Mi) = 3 for all i (7 ≤ i ≤ 11). Therefore
fγ(G) = 2. There are two g-sets of G namely, S1 = {v1, v4, v5} and S2 = {v1, v4, v6}.

Fig. 1. A graph G with fγ(G) = 1, fγ(G) = 2, fg(G) = 1, γ(G) = 2, γ(G) = 3 and g(G) = 3.
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Therefore g(G) = 3 and fg(G) = 1. The forcing concepts in graphs was introduced in
[6] for minimum dominating sets. Then the forcing concepts was further studied by
many authors in several parameters arising in graphs [2, 3, 6, 7, 10–12, 14, 16, 17, 22].

In Sec. 2, we introduce the concepts of forcing geodetic global dominating num-
ber of a graph and determined this for some standard graphs. It is shown that
for every pair of positive integers a and b with 0 ≤ a ≤ b and b > a + 2, there
exists a connected graph G such that fγg(G) = a and γ(G) = b. In Sec. 3, we
studied the concepts of the geodetic global domination number of join of graphs.
In Sec. 4, we characterized connected graphs of order n ≥ 2 with geodetic global
domination number 2. It is proved that, for a connected graph G with γg(G) = 2,
0 ≤ fγg(G) ≤ 1 and characterized connected graphs for which the lower and the
upper bounds are sharp.

A social network theory is concerned about the study of relationships between
the members of a group. A social network clique is a dominating clique which is a
group of representatives of the network who can communicate themselves directly. A
status in a network is a subset S of members of the group such that any two of them
have the same relationship outside S in the network. A group of people is said to be
structurally equivalent if any two of them have same relationship between people in
the social network. These sets can be determined using the properties of dominating
sets. Concepts related to geodesics also appear in the social sciences. When members
of a social group are represented by vertices, and particular relationship between
members by edges of a graph, then the geodetic number can be considered as the
smallest number p such that every member of a group is contained in a minimal
chain of relationships between chosen p members. By applying the geodetic global
domination concepts, there must be effectiveness in the relationships between chosen
p members. The following theorems are used in sequel.

Theorem 1.1 ([19]). If v is either an extreme vertex or a universal vertex of a
connected graph G, then v belongs to every geodetic global dominating set of G.

Theorem 1.2 ([19]). Let G be a connected graph of order n ≥ 2. Then γg(G) = 2
if and only if either G = K2 or there exists a geodetic set S = {x, y} such that
d(x, y) = 3.

Theorem 1.3 ([19]). If G is either a complete graph Kn (n ≥ 2) (or) a star
K1,n−1 (n ≥ 3), then γg(G) = n.

Theorem 1.4 ([5]). For a connected graph G, g(G) = 2 if and only if there exist
peripheral vertices u and v such that every edge of G is on a diametral path joining
u and v.

2. The Forcing Geodetic Global Domination Number of a Graph

Definition 2.1. Let G be a connected graph and S be a minimum geodetic global
dominating set of G. A subset T ⊆ S is called a forcing subset for S if S is the
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unique minimum geodetic global dominating set containing T . A forcing subset for
S of minimum cardinality is a minimum forcing subset of S. The forcing geodetic
global domination number of S, denoted by fγg(S), is the cardinality of a minimum
forcing subset of S. The forcing geodetic global domination number of G, denoted by
fγg(G), is fγg(G) = min{fγg(S)}, where the minimum is taken over all minimum
geodetic global dominating sets S in G.

Example 2.2. For the graph G given in Fig. 2, S1 = {v1, v3, v5}, S2 = {v1, v4, v6}
and S3 = {v1, v4, v5} are the only three minimum geodetic global dominating sets
of G such that fγg(S1) = fγg(S2) = 1 and fγg(S3) = 2 so that fγg(G) = 1.

Definition 2.3. A vertex v is said to be a geodetic global dominating vertex of
G if v belongs to every minimum geodetic global dominating set of G. If G has
a unique minimum geodetic global dominating set S, then every vertex of S is a
geodetic global dominating vertex of G.

Example 2.4. For the graph G given in Fig. 3, S1 = {v1, v4, v7, v9} and S2 =
{v1, v4, v7, v8} are the only two γg-sets of G. Since v1, v4 and v7 ∈ S1∧S2, it follows
that {v1, v4, v7} is the set of all geodetic global dominating vertices of G.

Note 2.5. Each extreme vertex and each universal vertex of G are geodetic global.
dominating vertices of G. In fact there are geodetic global dominating vertices which
are neither extreme vertices nor universal vertices of G. For the graph G given in
Fig. 3, v4 is a geodetic global dominating vertex of G which is neither an extreme
vertex nor a universal vertex of G.

The next theorem follows immediately from the definition of the geodetic global
domination number and the forcing geodetic global domination number of a con-
nected graph G.

Theorem 2.6. For every connected graph G, 0 ≤ fγg(G) ≤ γg(G).

Fig. 2. A graph G with fγg
(G) = 1 and γg(G) = 3.
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Fig. 3. A graph G with {v1, v4, v7} are the set of all geodetic global domination vertices.

In the following, we characterize graphs G for which the bounds in Theorem 2.6
attained and also graphs for which fγg(G) = 1. The proofs of the following theorems
are straightforward. So we omit the proofs.

Theorem 2.7. (a) fγg(G) = 0 if and only if G has a unique minimum geodetic
global dominating set.

(b) fγg(G) = 1 if and only if G has at least two minimum geodetic global domi-
nating. sets, one of which is a unique minimum geodetic global dominating set
containing one of its elements.

(c) fγg(G) = γg(G) if and only if no minimum geodetic global dominating set of
G is the unique minimum geodetic global dominating set containing any of its
proper subsets.

Theorem 2.8. Let G be a connected graph and let  be the set of relative comple-
ments of the minimum forcing subsets in their respective minimum geodetic global
dominating sets in G. Then ∩F∈�F is the set of geodetic global dominating vertices
of G.

Corollary 2.9. Let G be a connected graph and S a minimum geodetic global dom-
inating set of G. Then no geodetic global dominating vertex of G belongs to any
minimum forcing set of S.

Theorem 2.10. Let G be a connected graph and X be the set of all geodetic global
dominating vertices of G. Then fγg(G) ≤ γg(G) − |X |.

In the following, we determine the forcing geodetic global domination number
of some standard graphs.

Theorem 2.11. If G is either a complete graph Kn (n ≥ 2) or a star K1,n−1

(n ≥ 3), then fγg(G) = 0.

Proof. Since S = V (G) is the unique γg-set of G, the result follows from Theorem
2.7(a).
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Theorem 2.12. For a double star G, fγg(G) = 0.

Proof. Let Z be the set of all end vertices of G. Then Z is the unique γg-set of G

so that fγg(G) = 0.

Theorem 2.13. For the cycle G = Cn (n ≥ 4),

fγg(G) =

⎧⎪⎪⎨
⎪⎪⎩

3, if n = 4,

1, if n ≡ 0 (mod 3),

2, otherwise.

Proof. Let Cn be v1, v2, . . . , vn, v1.

Case 1. Let n = 4. Then S1 = {v1, v2, v3}, S2 = {v2, v3, v4}, S3 = {v3, v4, v1} and
S4 = {v4, v1, v2} are the only four minimum geodetic global dominating sets of G

such that fγg(S1) = fγg(S2) = fγg(S3) = fγg(S4) = 3 so that fγg(G) = 3.

Case 2. Let n = 5. Then S1 = {v1, v3, v4}, S2 = {v1, v2, v4}, S3 = {v1, v3, v5},
S4 = {v2, v4, v5} and S5 = {v2, v3, v5} are the only five minimum geodetic global
dominating sets of G such that fγg(Si) = 2 for 1 ≤ i ≤ 5 so that fγg(G) = 2.

Case 3. Let n ≡ 0 (mod 3). Let n = 3k, k ≥ 2. Then S = {v1, v4, v7, . . . , v3k−2} is
the unique γg-set of G containing {v1} so that fγg(G) = 1.

Case 4. Let n ≡ 1 (mod 3). Let n = 3k + 1, k ≥ 2. Let S be any γg-set of G. Then
it is easily verified that any singleton subset of S is a subset of another γg-set of
G and so fγg(G) ≥ 2. Now, S1 = {v1, v4, v7, . . . , v3k+1} is the unique γg-set of G

containing {v1, v3k+1} so that fγg(G) = 2.

Case 5. Let n + 1 ≡ 0 (mod 3). Let n = 3k − 1, k ≥ 3. Let S be any γg-set of G.
Then it is easily verified that any singleton subset of S is a subset of another γg-set
of G and so fγg(G) ≥ 2. Now, S1 = {v1, v4, v7, . . . , v3k−2} is the unique γg-set of G

containing {v1, v3k−2} so that fγg(G) = 2.

Theorem 2.14. For the path G = Pn (n ≥ 4),

fγg(G) =

⎧⎪⎪⎨
⎪⎪⎩

0, if n − 1 ≡ 0 (mod 3) and n = 4,

1, if n ≡ 0 (mod 3) and n = 5,

2, if n + 1 ≡ 0 (mod 3) and n ≥ 8.

Proof. Let Pn be v1, v2, v3, . . . , vn.

Case 1. Let n = 4. Then S1 = {v1, v4} is the unique γg-set of G such that
fγg(G) = 0.

Case 2. Let n − 1 ≡ 0 (mod 3). Let n = 3k + 1, k ≥ 2. Then S =
{v1, v4, v7, . . . , v3k−2, v3k+1} is the unique γg-set of G so that fγg(G) = 0.
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Case 3. Let n ≡ 0 (mod 3). Let n = 3k, k = 2. Then S1 = {v1, v3, v6} and
S2 = {v1, v4, v6} are the only two γg-sets of G such that fγg(S1) = fγg(S2) = 1 so
that fγg(G) = 1. Next assume that k ≥ 3. Then S = {v1, v3, v6, v9, . . . , v3k} is the
unique γg-set of G containing {v3} so that fγg(G) = 1.

Case 4. Let n + 1 ≡ 0 (mod 3). Let n = 3k − 1, First assume that k = 2. Then
S1 = {v1, v2, v5}, S2 = {v1, v3, v5} and S3 = {v1, v4, v5} are the only three γg-set
of G such that fγg(S1) = fγg(S2) = fγg(S3) = 1 so that fγg(G) = 1. Next assume
that k ≥ 3. Then S = {v1, v4, v7, . . . , v3k−5, v3k−2, v3k−1} is the unique γg-set of G

containing {v3k−5, v3k−2} so that fγg(G) = 2.

Theorem 2.15. For the fan graph G = K1 ∨ Pn−1(n ≥ 5),

fγg(G) =

{
0, if n − 1 is odd,

1, if n − 1 is even.

Proof. Let V (K1) = {x} and V (Pn−1) = {v1, v2, . . . , vn−1}. We have the following
cases.

Case 1. n − 1 is odd. Let n − 1 = 2k + 1. (k ≥ 2). Then S = {x, v1, v3, . . . , v2k+1}
is the unique γg-set of G so that fγg(G) = 0.

Case 2. n−1 is even. Let n−1 = 2k. (k ≥ 3). Then S = {x, v1, v2, v4, . . . , v2k−2, v2k}
is the unique γg-set of G containing {v2k−2} so that fγg(G) = 1.

Theorem 2.16. For the wheel graph G = K1 ∨ Cn−1 (n ≥ 5),

fγg(G) =

⎧⎨
⎩

n − 2
2

, if n − 1 is odd,

1, if n − 1 is even.

Proof. Let V (K1) = {x} and V (Cn−1) = {v1, v2, . . . , vn−1}. We have the following
cases.

Case 1. n − 1 is odd. Let n − 1 = 2k + 1. (k ≥ 2). Then S =
{x, v1, v3, v5, v7, . . . , v2k+1} is a γg-set of G. Since d(u, v) ≤ 2 for all u, v ∈ V (G), it
follows that there is no forcing subset T of S with |T | ≤ k− 1. Now S is the unique
γg-set of G containing {v1, v5, v7, . . . , v2k+1} so that fγg(G) = k. Since this true for
all γg-sets S in G, it follows that fγg(G) = k = n−2

2 .

Case 2. n − 1 is even. Let n − 1 = 2k. (k ≥ 2). Then S1 = {x, v1, v3, . . . , v2k−1}
and S2 = {x, v2, v4, . . . , v2k} are two γg-sets of G such that fγg(S1) = fγg(S2) = 1
so that fγg(G) = 1.

Theorem 2.17. For the graph G = Kn − {e}, fγg(G) = 0.

Proof. Since every vertex of G is either an extreme vertex or a universal vertex,
S = V (G) is the unique γg-set of G, it follows from Theorems 1.1 and 2.7 (a) that
fγg(G) = 0.
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Theorem 2.18. Let Fn = K1 ∨ Pn−1, (n ≥ 7) be the fan graph. Let V (K1) = {x}
and G = Fn − {e}, where e ∈ E(Pn−1) and G1, G2 be the components of G − x.
Then

fγg(G) =

⎧⎪⎪⎨
⎪⎪⎩

0, if |V (G1)| and |V (G2)| are odd

1, if either |V (G1)| or |V (G2)| is odd

2, if |V (G1)| and |V (G2)| are even.

Proof. Let S be a γg-set of G. Then by Theorem 1.1, x ∈ S. Let V (G1) =
{v1, v2, . . . , vl} and V (G2) = {u1, u2, . . . , ur}, where l + r ≥ 6,

Case 1. |V (G1)| and |V (G2)| are odd. Let l = 2k + 1 and r = 2s + 1, where k ≥ 1
and s ≥ 1. Then S = {x} ∪ {v1, v3, ...v2k+1} ∪ {u1, u2, . . . , u2s+1} is the unique
γg-set of G so that fγg(G) = 0.

Case 2. |V (G1)| is odd and |V (G2)| is even. Let l = 2k+1 and r = 2s, where k ≥ 1
and s ≥ 2. Then Z = {x} ∪ {v1, v3, . . . , v2k+1} ∪ {u1, u2s} is the set of all geodetic
global dominating vertices of G. Since |V (G1)| is odd and |V (G2)| is even, γg-set of
G is not unique and so fγg(G) ≥ 1. Now S = Z ∪ {u3, u5, . . . u2s−1} is the unique
γg-set of G containing {u2s−1}. Hence it follows that fγg(G) = 1.

Case 3. |V (G1)| and |V (G2)| are even. Let l = 2k and r = 2s, where k ≥ 2 and
s ≥ 2. Then Z = {x}∪{v1, v2k}∪{u1, u2k} is the set of all geodetic global dominating
vertices of G. Since |V (G1)| and |V (G2)| are even, no singleton subsets of any γg-set
S of G is a forcing subset of S and so fγg(G) ≥ 2. Now S = Z∪{v3, v5, . . . , v2k−1}∪
{u3, u5, . . . , u2s−1} is the unique γg-set of G containing {v2k−1, u2s−1}. Hence it
follows that fγg(G) = 2.

In view of Theorem 2.6, we have the following realization result.

Theorem 2.19. For every pair of positive integers a and b with 0 ≤ a < b and
b > a + 2, there exists a connected graph G such that fγg(G) = a and γg(G) = b.

Proof. For a = 0, b = 2, let G = K2. Then S = V (G) is the unique γg-set of G

so that fγg(G) = 0 and γg(G) = 2. Let a = 1, b ≥ 3. Let C5 be v1, v2, v3, v4, v5, v1.
Let G be the graph obtained from C5 by adding new vertices z1, z2, . . . , zb−2 and
introducing the edge v1zi (1 ≤ i ≤ b − 2). The graph is shown in Fig. 4.

Let Z = {z1, z2, . . . , zb−2} be the set of all end vertices of G. Then by Theorem
1.1, Z is a subset of every geodetic global dominating set of G. Now S1 = Z∪{v3, v4},
S2 = Z ∪ {v2, v4}, S3 = Z ∪ {v3, v5} are the only three γg-sets of G such that
fγg(S1) = 2, fγg(S2) = fγg(S3) = 1 so that fγg(G) = 1 and γg(G) = b.

Let 2 ≤ a < b and b > a+2. Let P : x, y, z be a path of order 3 and Qi : ui, vi, wi

(1 ≤ i ≤ a) be a copy path of order 3. Let H be a graph obtained from P and Qi

(1 ≤ i ≤ a) by joining y with each ui (1 ≤ i ≤ a) and z with each wi (1 ≤ i ≤ a).
Let G be a graph obtained from H by adding new vertices w, z1, z2, . . . , zb−a−2
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Fig. 4. A graph G with fγg
(G) = 1 and γg(G) = b.

Fig. 5. A graph G with fγg
(G) = a and γg(G) = b.

and joining w with each ui (1 ≤ i ≤ a) and each wi (1 ≤ i ≤ a); z with each zi

(1 ≤ i ≤ b − a − 2). The graph G is shown in Fig. 5.
First we show that γg(G) = b. Let Z = {x, w, z1, z2, . . . , zb−a−2} be the set of

all geodetic global dominating vertices of G and Hi = {ui, vi, wi} (1 ≤ i ≤ a). By
Theorem 1.1, Z is a subset of every geodetic global dominating set of G. Let D

be a minimum geodetic dominating set of G. We prove that D contains at least
one element in each Hi (1 ≤ i ≤ a). On the contrary, suppose that D contains no
elements of Hi, for every i, (1 ≤ i ≤ a). Then vi (1 ≤ i ≤ a) is not dominated
by any element of D, which is a contradiction. Therefore every minimum geodetic
dominating set of G contains at least one vertex from each Hi (1 ≤ i ≤ a) and so
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γg(G) ≥ 2+b−a−2+a = b. Now S = Z∪{u1, u2, . . . , ua} is a geodetic dominating
set of G so that γg(G) = b.

Next we show that fγg(G) = a. By Theorem 2.10, fγg(G) ≤ γg − |Z| = a.
Now since γg(G) = b and every minimum geodetic global dominating set of G

contains Z, and γg-set S of G is of the form S = Z ∪ {t1, t2, . . . , ta}, where ti ∈ Hi

(1 ≤ i ≤ a). Let T be any proper subset of S with |T | < a. Then there exists a
vertex tj (1 ≤ j ≤ a) such that tj �∈ T . Let gj be a vertex of Hj distinct from tj .
Then S1 = S − {tj} ∪ {gj} is a γg-set of G properly containing T . Therefore T is
not a forcing subset of S. This is true for all γg-sets of G. Hence it follows that
fγg(G) = a.

3. The Forcing Geodetic Global Domination Number
of Join of Graphs

Theorem 3.1. Let G1 and G2 be two complete graphs of order n1 and n2 respec-
tively. Then fγg(G1 ∨ G2) = 0.

Proof. Since G = Kn1 and G = Kn2 , we have G1∨G2 = Kn1+n2 . Then by Theorem
2.11, fγg(G1 ∨ G2) = 0.

Theorem 3.2. Let G1 and G2 be two non-empty graphs of order n1 and n2 respec-
tively. If γg(G1 ∨ G2) = 2, then fγg(G1 ∨ G2) = 0.

Proof. Let γg(G1 ∨G2) = 2. Then by Theorem 1.2, G1 ∨G2 is either (i) K2 or (ii)
there exists a geodetic set S = {x, y} in G1 ∨G2 such that dG1∨G2(x, y) = 3. Since
d(G1 ∨ G2) = 2, (ii) is not possible. Therefore G = K2. Hence by Theorem 2.11,
fγg(G1 ∨ G2) = 0.

Theorem 3.3. Let G1 and G2 be graphs of order n1 and n2, respectively. If γg(G1∨
G2) = 3. Then fγg(G1 ∨ G2) ≤ 1 or fγg(G1 ∨ G2) = 3.

Proof. Let γg(G1 ∨ G2) = 3. Then by Theorem 2.6, 0 ≤ fγg(G1 ∨ G2) ≤ 3. Let
S = {x, y, z} be a γg-set of G1 ∨ G2. Since d(G1 ∨ G2) = 2 and IG1∨G2 [S] =
V (G1 ∨G2), S contains at least two vertices from G1 (or) at least two vertices from
G2. Let us assume that x, y ∈ V (G1). If xy ∈ E(G1), then G1 ∨ G2 = K3. Hence
by Theorem 2.11, fγg(G1 ∨ G2) = 0. If xy �∈ E(G1), then we prove that V (G1) =
{x, y}. On the contrary suppose that V (G1) �= {x, y}. Then there exists w ∈ V (G1)
such that w �= x and w �= y. Since every vertex in G2 is adjacent to x, y and w,
w �∈ IG1∨G2 [S], then it follows that S is not a geodetic global dominating set of
G1∨G2, which is a contradiction. Therefore V (G1) = {x, y} and so G1 = K2. Since
zx, zy ∈ E(G1 ∨ G2) and zu ∈ E(G1 ∨ G2) for every u ∈ V (G1 ∨ G2) and u �= x, y,
δ(G2) = 0. Hence it follows that degG2

(z) = 0. If G2 = K1, then G1 ∨G2 = P3. By
Theorem 2.11, fγg(G1∨G2) = 0. If G2 = K2, then G1∨G2 = C4. By Theorem 2.13,
fγg(G1∨G2) = 3. If G2 is neither K1 nor K2, then G2 contains at least three vertices.
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We prove that fγg(G1 ∨ G2) �= 2. On the contrary suppose that fγg(G1 ∨ G2) = 2.
Then there exists a γg-set S1 of G1 ∨G2 such that S1 contains at least two vertices
of G2. Let S = {x, z, z1}, where z, z1 ∈ G2. Let z2 ∈ V (G2) such that z2 �= z, z1.
Since degG2

(z) = 0, dG1∨G2(z, z1) = 2 and xz, xz1, xz2 ∈ E(G1∨G2), then it follows
that z2 �∈ I[S1]. Hence S1 is not a geodetic global dominating set of G1 ∨G2, which
is a contradiction. Therefore fγg(G1 ∨ G2) �= 2.

Theorem 3.4. Let G be a connected graph of order n1 ≥ 3. Then fγg(G ∨Kn2) =
fγg(G).

Proof. Let S be a γg-set of G and T be a forcing subset of S. Since dG∨K2(x, y) = 1
for all x, y ∈ V (K2) and xu ∈ E(G ∨ K2) for all x ∈ V (Kn2) and u ∈ V (G), it
follows that V (K2) is a subset of every γg-set of G ∨ Kn2 . Therefore S ∪ V (Kn2)
is a γg-set of G ∨ Kn2 . We prove that T is a forcing subset of S ∪ V (Kn2). On the
contrary, suppose that T is not a forcing subset of S ∪ V (Kn2). Then there exists a
γg-set S1 ∪ V (Kn2) of G∨Kn2 such that T ⊂ S1 ∪ V (Kn2), where S1 is a γg-set of
G. Since V (Kn2) is a subset of every γg-set of G∨Kn2 . It follows that T is a subset
of S1, which is a contradiction. Therefore T is a forcing subset of S∪V (Kn2). Since
this is a true for all forcing subset T of S, we have fγg(G) ≥ fγg(G ∨ Kn2).

Let M be a γg-set of G ∨ Kn2 . Then M = M1 ∪ V (Kn2), where M1 is a γg-set
of G. Let K be a forcing subset of M . Since V (Kn2) is a subset of every γg-set of
G∨Kn2 , it follows that K is a forcing subset of M1. Since this is true for all forcing
subset K of M , we have fγg(G∨Kn2) ≥ fγg(G). Therefore fγg(G∨Kn2) = fγg(G).

4. Graphs with Geodetic Global Domination Number 2

In [15], connected graphs of order n ≥ 2 with geodetic global domination number n

are characterized. In this section, we characterize connected graphs of order n ≥ 2
with γg(G) = 2. For this purpose we introduce the graphs H and the following
family  of graphs.

Let V (K4 −{e}) = {v1, v2, v3, v4} where e = v2v4. Let H be the graph obtained
from K4−{e} by introducing the end edge v2v5. Let V (K2) = {x, y} and V (Ka) =
{v1, v2, . . . , va}(a ≥ 2). Let 1 be the graph obtained from K2 and Ka by adding
a vertex z and introducing the edge xvi (1 ≤ i ≤ a), zvi (1 ≤ i ≤ a) and yz.

Let V (K2) = {x, y} and Pi : ui, vi (1 ≤ i ≤ a) (a ≥ 1) be a copy of path on two
vertices. Let 2 be the graph obtained from K2 and Pi (1 ≤ i ≤ a) by introducing
the edges xui (1 ≤ i ≤ a) and yvi (1 ≤ i ≤ a). Let 3 be the graph obtained from
2 by joining at least one ui (1 ≤ i ≤ a) with at least one uj (1 ≤ j ≤ a) and
i �= j. Let 4 be the graph obtained from 2 by joining at least one vi (1 ≤ i ≤ a)
with at least one vj (1 ≤ j ≤ a), i �= j. Let 5 be the graph obtained from 2 by
joining at least one ui (1 ≤ i ≤ a) to at least one vj (1 ≤ j ≤ a), i �= j. Let 6

be the graph obtained from 5 by joining at least one vl (1 ≤ l ≤ a) with at least
one um (1 ≤ m ≤ a), l �= m. Let 7 be the graph obtained from 3 by joining
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Fig. 6. Family T of graphs.

at least one ul (1 ≤ l ≤ a) with at least one vm (1 ≤ m ≤ a), l �= m. Let 8 be
the graph obtained from 4 by joining at least one vl (1 ≤ l ≤ a) with at least
one um (1 ≤ m ≤ a), l �= m. Let 9 be the graph obtained from 3 by joining at
least one vl (1 ≤ l ≤ a) with at least one vm (1 ≤ m ≤ a), l �= m. Let 10 be the
graph obtained from 9 by joining at least one ur (1 ≤ r ≤ a) with at least one vs

(1 ≤ s ≤ a), r �= s. Let 11 be the graph obtained from 10 by joining at least one
up (1 ≤ p ≤ a) with at least one vq (1 ≤ q ≤ a), p �= q.

Theorem 4.1. Let G be a connected graph of order n ≥ 2. Then γg(G) = 2
if and only if G is either K2 or P4 or C6 or G ∈ {H,1,2,3,4,5,6,

7,8,9,10,11}.

Proof. Let γg(G) = 2. Then g(G) = 2. If n = 2, then G = K2, which satisfies
the requirements of this theorem. If n = 3, then G is either K3 or P3. Then by
Theorem 1.3, γg(G) = 3, which is a contradiction. So let n ≥ 4. By Theorem 1.2,
d = 3. If n = 4 then G = P4, which satisfies the requirements of this theorem. Hence
n ≥ 5. If G is a tree, then G contains at least three end vertices and so γg(G) ≥ 3,
which is a contradiction. Therefore G is not a tree. If G = Cn (n ≥ 5), then by
Theorem 1.2, G = C6, which satisfies the requirements of this theorem. So let
G �= Cn (n ≥ 5). Let S = {x, y} be a γg-set of G. Since g(G) = 2, by Theorem 1.4,
x and y are antipodal vertices of G. Since G is not a tree, either x or y is an end
vertex of G, or x and y are not end vertices of G. If either x or y is an end vertex
of G, then G ∈ {H,1}, which satisfies the requirement of this theorem. If neither
x nor y is an end vertex of G, then G ∈ {2,3,4,5,6,7,8,9,10,11},
which satisfies the requirements of this theorem. The converse is clear.

Theorem 4.2. If G is a connected graph with γg(G) = 2, then 0 ≤ fγg(G) ≤ 1.

Proof. By Theorem 2.6, 0 ≤ fγg(G) ≤ 2. Let S = {u, v} be any minimum geodetic
global dominating set of G. Then by Theorem 1.4, u and v are antipodal vertices
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Fig. 7. Family T of graphs continued.

of G. Suppose that fγg(G) = 2. Then fγg(S) = 2 for all γg-set S of G. Hence it
follows that S is not a unique γg-set containing u. Then there exists x �= u such that
S1 = {u, x} is also a γg-set of G. Then by Theorem 1.2, u and x are two antipodal
vertices of G. Hence v is an internal vertex of some u− x geodesic in G. Therefore,
d(u, v) < d(u, x), which is a contradiction.
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Theorem 4.3. Let G be a connected graph with γg(G) = 2. Then G contains more
than one γg-sets if and only if the degree of each element in any γg-set of G is two.

Proof. Let S = {x, y} be a γg-set of G. Let us assume that G contains more
than one γg-sets. Let S1 = {u, v} be another γg-set of G. We prove that deg(x) =
deg(y) = deg(u) = deg(v) = 2. On the contrary, suppose that degree of at least
one element in the γg-set is not two. Without loss of generality, let us assume that
deg(x) �= 2. If deg(x) = 1, then γg-set is unique, which is a contradiction. Therefore
deg(x) ≥ 3. Since the edges incident with x are not end vertices, there is a x-y
geodesic, say P which avoids u or v. Let w be an internal vertex of P . Then w

may not lie on a u-v geodesic, which is a contradiction to S1 = {u, v} is a γg-set
of G. Conversely let degree of each element in any γg-sets is 2. We prove that G

contains more than one γg-sets. Let M = {x, y} be a γg-set of G. Let P be a x-y
geodesic in G. Since deg(x) = deg(y) = 2, there is another x-y geodesic, say P1 in
G. By Theorem 1.2, d(x, y) = 3. Then there exists internal vertices u in P and v

in P1 such that d(u, v) = 3. Hence it follows that u and v are antipodal vertices of
G. Since γg(G) = 2, every vertex of G lies in u-v geodesic. Hence it follows that
S1 = {u, v} is another γg-set of G. Therefore G contains more than one γg-sets.

Theorem 4.4. Let G be a connected graph with γg(G) = 2. Then fγg(G) = 1 if
and only if G is either C6 or the graph G given in Fig. 8.

Proof. Let fγg(G) = 1. Then by the Theorem 2.7(b), γg-set of G is not unique. Let
S = {x, y} and S1 = {u, v} be two γg-sets of G. Then by Theorem 4.3, deg(x) =
deg(y) = deg(u) = deg(v) = 2. Hence it follows from Theorem 4.1, that G is either
C6 or the graph G given in Fig. 8. The converse is clear.

Theorem 4.5. Let G be a connected graph with γg(G) = 2. Then fγg(G) = 0 if
and only if G ∈ {H,1,2(a ≥ 3),3,4,5(a ≥ 3),6,7,8,9,10,11}.

Fig. 8. A graph G with fγg(G) = 1 and rg(G) = 2.
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Proof. This follows from Theorems 4.1–4.4.
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